In this paper, a piecewise uniform mesh is constructed and used, in conjuction with Backward Euler method to form a new numerical method for solving a coupled first order stiff system of Ordinary Differential Equations(ODEs) with prescribed initial conditions. It is proved that the numerical approximations generated by this method with piecewise uniform mesh produce numerical solutions with less computational effort and less error as compared to the method without piecewise uniform mesh. Numerical results are presented in support of the theory.
Introduction
In this paper, we consider a stiff system of differential equations. This is a very serious problem computationally and very interesting problem analytically. It is relevant to selective computation since stiffness is very significant in case we want to do long term integration.
Many fields of application, notably in science and engineering, yield initial value problems involving systems of ODEs and many of these problems are stiff ODEs. Consider the stiff linear systems of first order equations: u (t) + a 11 (t)u(t) + a 12 (t)v(t) = f 1 (t), v (t) + a 21 (t)u(t) + a 22 (t)v(t) = f 2 (t) (1) u(0) = A and v(0) = B, t ∈ (0, 1]
The linear system (1) - (2) is said to be stiff if (i)Re(λ i ) < 0, i = 1, ..., n and (ii)max i |Re(λ i )| min i |Re(λ i )| where λ i are the eigenvalues of stiff ODEs, n is the number of equations in the system and the ratio
is called the stiffness ratio or stiffness index.
The Backward Euler method and stiff differential equations with piecewise uniform mesh
Differential equations for which the numerical solution using the Backward Euler method (implicit method) is more efficient than the explicit Euler method are called stiff differential equations. Whereas the Backward Euler method is unconditionally stable. They include important applications in the description of processes with multiple time scales (e.g., fast and slow chemical reactions).
The Backward Euler method is
(here N is the number of mesh points), from which u j+1 and v j+1 are now determined implicitly. The new solution approximation needs to be computed iteratively, typically by a explict Runge kutta method of fourth order
where i, = 1, 2 and j = 0 to(N − 1) and N is the number of mesh points.
k 24 where i, = 1, 2 and j = 0 to(N − 1) and N is the number of mesh points.
Related works in backward Euler methods are found in [1, 2, 4, 5, 6] , to name a few. The focus in this paper is to extend the method with piecewise uniform mesh to further improve the performance of the backward Euler method. Possible approaches to the construction of such piecewise uniform meshes and also some special schemes are given in [3, 7, 8] . As a result, the proposed method have improved the accuracy and require less computational time.
In the next section, we will show the description of piecewise uniform mesh. equal mesh elements. Since the solution has fast varying component in the neighbourhood of t = 0, it is natural to have more number of mesh points in the neighbourhood of t = 0. This will give a better information about the solution near t = 0.
The piecewise uniform mesh is used with the following location of the transition point
If we consider
then σ takes very small value, so the fast varying component may not able to vanish between the interval [0, σ]. So the error may increase.
Therefore assume that the parameter ε as
and
If σ = 1/4, (i.e).,
In such a case the method can be analysed using the standard techniques. We therefore assume that
The above scheme will give less error and less average error of the solution if the stiff ratio lies between 400 to 1000.
The local truncation error
In general, u(t j+1 ) is the exact value and u j+1 is the approximate numerical value and the local truncation error at the point t (j+1) in the backward Euler method with uniform mesh is
Applying the backward Euler method with piecewise uniform mesh, the truncation error at the point t j+1 where j = (
the truncation error at the point t j+1 where j = (
Therefore, the truncation error for backward Euler method with piecewise uniform mesh is
Similarly, the truncation error for the second component v can be easily proved. Let
||Y ||
where ||Y || = sup{|u |, |v |}.
Hence, by the definition given as in [6] , the order of convergence of backward Euler method with piecewise uniform mesh is linear.
Numerical example
The numerical results of backward Euler method with piecewise uniform mesh will be compared with uniform mesh.
For uniform mesh we have,
, where b is the end value of t and a is the initial value of t.
The calculation of error (for piecewise uniform mesh and uniform mesh) is given as,
For maximum error (MAXE) (for piecewise uniform mesh and uniform mesh), we compute using the formula, M AXE N = max(error j )
The average error(AVE) for backward Euler method with piecewise uniform mesh is defined as,
AV E = max{AV E1, AV E2}.
The average error for backward Euler method with uniform mesh is defined as,
here b is the end value of t and a is the initial value of t.
Exact solution of the above problem is u(t) = 4e
Stiff ratio of the above problem is 1000 and ε = 1 min{998,1998,999,1999}
After a short time the solution can be closely approximated by the dominant terms as
since the fast decaying component vanished. Therefore, instead of taking uniform step size through out the interval, let us, consider the piecewise uniform mesh. In piecewise uniform mesh, the first N/4 interval having very small step size h 1 (compared to h 2 ), the fast decaying component may vanish. The remaining 3N/4 interval with step size h 2 , may dominate the slow active components. This technique surely reduced the error and average error of the solution of the problem, which is shown in the Table 1 .
The numerical results obtained by applying the piecewise uniform mesh method (5), (6) and (7) to the example 1 are given in Table 1 . the solution obtained by the suggested numerical method is displayed in Figure 1 . Here U, u represents the numerical and exact solution respectively.
Exact solution of the above problem is u(t) = 10e
Stiff ratio of the above problem is 400 and ε = 1 min{1195,1995,1197,1997}
The numerical results obtained by applying the piecewise uniform mesh method(5), (6) and (7) to the example 2 are given in Table 2 . the solution obtained by the suggested numerical method is displayed in Figure 2 . Here U, u represents the numerical and exact solution respectively.
Conclusion
Our results showed that backward Euler method with piecewise uniform mesh outperformed compared with uniform mesh in terms of error, average error and accuracy. And the theoretical truncation error for backward Euler method with piecewise uniform mesh demonstrates essentially first order uniform convergence of the method. Hence, the backward Euler method with piecewise uniform mesh is more efficient than the backward Euler method with uniform mesh.
